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Some theorems, it seems, are evergreen. New proofs 
keep turning up for them. One such is the theorem 
of Pythagoras (the current number of proofs stands at 

over 300). Another is the claim that the square root of 2 is 
irrational. A third example is the statement that there exist 
infinitely many prime numbers. This is the one on which we will 
dwell in this short article. The proof that we feature appeared 
in The American Mathematical Monthly, in its December 2006 
issue [1].

Before presenting the new proof by Filip Saidak, let us take a 
look at the original proof given by Euclid. We present it below. 
Note that it is presented in a modern form and not the form 
originally given by Euclid in his book The Elements.

Remark. In pre-algebra times, proofs were presented in a purely 
verbal form, using highly stylised language. Most modern 
readers find such proofs difficult to follow. Perhaps this is 
because algebra and symbolic reasoning in general have made 
such deep inroads into our thinking. The following example of 
the use of stylised language illustrates the point perfectly. It is 
Proposition 6 from Euclid’s Elements, Book II:

If a straight line is bisected and a straight line is 
added to it in a straight line, then the rectangle 
contained by the whole with the added straight 
line and the added straight line together with 
the square on the half equals the square on the 
straight line made up of the half and the added 
straight line.

Try to decipher this statement!

A SIMPLER WAY TO BISECT AN ANGLE
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Angle bisection using ruler and compass is part of the standard geometry syllabus at the
upper primary level. There is a standard procedure for doing the job, and it is so simple
that one would be hard put to think of an alternative to it that is just as simple, if not
simpler. But here is such a procedure, announced in a Twitter post [1].
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Angle bisector

FIGURE 1

It can be depicted using practically no words. In Figure 1, the angle to be bisected is
∡ABC. Draw two arcs DE and FG as shown, centred at B. Next, draw the segments DG
and FE; let them intersect at I. Draw the ray BI. This is the required angle bisector.

There are  

INFINITELY MANY 
PRIME NUMBERS
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Theorem (Euclid). There exist infinitely many 
prime numbers.

Euclid’s proof (in modern form)

To set up a contradiction, we assume that there 
are only finitely many prime numbers; say there 
are just k prime numbers where k is some finite 
positive integer. Let the complete collection of 
prime numbers be p1, p2, p3, . . . , pk. Define Q 
to be the number obtained by adding 1 to the 
product of all these prime numbers. That is,

Q = p1p2p3 · · ·pk +1.  (1)

It follows from the definition that Q leaves 
remainder 1 under division by each of the primes 
p1, p2, p3, . . . , pk. That is, 

gcd(Q, p1) = 1, gcd(Q, p2) = 1,  
gcd(Q, p3) = 1, . . .  , gcd(Q, pk) = 1.            (2)

This implies that Q has a prime factor which is 
different from all the existing primes. (This prime 
number could be Q itself.) This is, of course, 
a contradiction. Hence the assumption that 
there are finitely many prime numbers is self-
contradictory and therefore must be false. Hence 
there exist infinitely many prime numbers.

Proof by Filip Saidak

The new proof which we now feature shows 
in effect that there can be no upper bound to the 
total number of prime numbers. In short, there 
must exist infinitely many  prime numbers. The 
argument is an absurdly simple one and it seems 
amazing that no one has found it earlier. (Perhaps 
this is true of any beautiful discovery.)

Here is how the argument runs. Let N1 > 1 be 
any positive integer. Since N1 and N1 + 1 are 
consecutive integers, they are co-prime. This 
means that the set of primes that divide N1 is 
disjoint from the set of primes that divide N1 + 1. 
Hence the number N2 defined by

N2 = N1 (N1 + 1)  (3)

must have at least two different prime factors.

We now continue the argument with N2 in 
place of N1. Since N2 and N2 + 1 are consecutive 
integers, they are coprime. So the set of primes 
that divide N2 is disjoint from the set of primes 
that divide N2 + 1. Hence the number N3 defined 
by 

N3 = N2 (N2 + 1)  (4)

must have at least three different prime factors.

We now continue the argument with N3 in place of 
N2 and deduce that the number N4 =N3  (N3 + 1) 
must have at least four different prime factors; 
and so on. It should be obvious that these steps 
can be continued indefinitely. It follows that the 
number of primes is infinite.

Closing remark. 

In [1], the author notes that this proof is 
conceptually simpler than Euclid’s original proof, 
as it is not based on ‘proof by contradiction.’ 
Moreover, the proof is constructive, in that it 
provides an explicit way of exhibiting an integer 
having more than any given number of different 
prime factors.
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