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Another instance where this happened was in the 
struggle to solve polynomial equations. Quadratic equa-
tions (i.e., equations of degree 2, like x2 + 3x + 2 = 0) were 
mastered a long time back, perhaps as early as the sev-
enth century (though there was no concept of negative 
numbers back then); cubic equations (degree 3) were 
solved by several mathematicians independently over 
the twelfth to fifteenth centuries; and biquadratic equa-
tions (degree 4; also called ‘quartic equations’) were 
solved soon after. Naturally, attention then turned to the 
quintic equation (degree 5). Here researchers hit what 
seemed to be a wall; no matter what approach was tried 
they could not cross this barrier. Eventually the matter 

was resolved but not in the way that everyone expected; 
it was shown by a young Frenchman named Evaristé Ga-
lois that in a certain sense the problem was not solvable 
at all! In the process was born one of the gems of higher 
algebra, now called Galois theory.

It is not difficult to see why a struggle of this kind will 
bring up something new. Take any real problem, tackle 
it, struggle with it and do not give up, no matter what 
happens; and examine at the end how much you have 
learnt in the process. What you find may surprise you …
It is remarkable that this happens even in those instanc-
es where you do not get the solution. But for that, it is 
essential not to ‘give up’ ….

In the problem section of Crux Mathematicorum, which is one of the best known problem journals, there occur 
these memorable words: No problem is ever closed, and the editor adds that solutions sent in late will still be con-
sidered for publication, provided they yield some new insight or some new understanding of the problem. We are 
happy to adopt a similar motto for our three problem sections. 

Submissions to the 
Problem Corner
The Problem Corner invites readers 
to send in proposals for problems and 
solutions to problems posed. Here are 
some guidelines for the submission of 
such entries.

(1) Send your problem proposals and 
solutions by e-mail, typeset as a 
Word file (with mathematical text 
typeset using the equation editor) 
or as a LaTeX file, with each prob-
lem or solution started on a fresh 
page. Please use the following ID: 
AtRiA.editor@apu.edu.in

(2) Please include your name and con-
tact details in full (mobile number, 
e-mail ID and postal address) on 
the solution sheet/problem sheet.

(3) If your problem proposal is based 
on a problem published elsewhere, 
then please indicate the source (be 
it a book, journal or website; in the 
last case please give the complete 
URL of the website).

For convenience we list some notation and terms which 
occur in many of the problems.

Coprime
Two integers which share no common factor exceeding 
1 are said to be coprime. 
Example: 9 and 10 are coprime, but not 9 and 12. Pairs 
of consecutive integers are always coprime.

Pythagorean triple (‘PT’ for short)
A triple (a, b, c) of positive integers such that a2 + b2 = c 2.

Primitive Pythagorean triple (‘PPT’ for short) 
A triple (a, b, c) of coprime, positive integers such that
a2 + b2 = c 2. Thus a PPT is a PT with an additional condi-
tion — that of coprimeness.
Example : The triples (3, 4, 5) and (5, 12, 13). The set of 
PPTs is a subset of the set of PTs.

Arithmetic Progression (AP for short)
Numbers a1, a2, a3, a4, …  are said to be in AP if
a2 – a1 = a3 – a2 = a4 – a3 = … The number d = a2 – a1
is called the common difference of the AP.
Example : The numbers 3, 5, 7, 9 form a four term AP 
with common difference 2, and 10, 13, 16 form a three 
term AP with common difference 3.

Notation used in the
problem sets
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Fun Problems

Problems for the Middle 
School

Problems for the Senior School

Fun Problems
1. A Problem from the 'Kangaroo' Math Competition

Here is a charming and memorable problem I 
came across the other day, adapted from a similar 
problem posed in the ‘Kangaroo’ Math Competi-
tion of the USA.

In a particular month of some year, there are three 
Mondays which have even dates. On which day of 
the week does the 15th of that month fall?

At first sight this look baffling. But as one looks 
more closely, a solution emerges. Please try it out 
before reading any further!

Let x denote the date of the first Monday of that 
month. Clearly, x is one of the numbers 1, 2, 3, 4, 5, 
6, 7. The Mondays of that month have the follow-
ing dates:

x,  x  + 7,  x  + 14,  x  + 21,  x + 28 (?),

with a possible question mark against x + 28;
for that particular day may fall in the next month 
(this will depend on which month it is, and on the 

size of x). For example, if x = 4, then x + 28 is not a
valid date, whichever month it is; and if x = 2 and 
the month is February, then too x + 28 is not a
valid date.

Now the numbers x,  x + 14,  x + 28 are either all 
odd or all even; and x + 7,  x + 21 are either both 
odd or both even.

Since we are told that the month has three
Mondays on even dates, it is the first possibility 
which must apply. The Mondays of that month 
thus come on dates x,  x + 14,  x + 28.

From this we deduce two things: (i) x is even; (ii) 
x + 28 is a valid date for that month.

From (ii) we deduce that x is either 1, 2 or 3. Com-
bining this with (i), we get x = 2.

So the 2nd of the month falls on Monday, as does 
16th. Hence the 15th falls on Sunday.
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Two of the fun problems in this issue deal with 
cryptarithms, so we first explain what they are and 
how they are to be approached.

A cryptarithm is a disguised arithmetic problem, 
in which digits have been replaced by letters — 
each digit being mapped to a different letter. 
(This implies that two different letters cannot 
represent the same digit.) The problem, of course, 
is to ‘decode’ the mapping — i.e., find which digit 
stands for which letter.

For example, consider the following ‘long multipli-
cation’ cryptarithm:

A B

C A
× 4

To solve this we argue as follows. Since 4 times 
the two-digit number AB yields another two-digit 
number, the tens digit of AB cannot exceed 2.
So A = 0, 1 or 2. But since A is the tens digit of AB, 
we cannot have A = 0 (else, AB would be a
one-digit number); hence A = 1 or 2.

Again, since 4 times any number is an even num-
ber, the units digit of CA is even; i.e., A is even. 

Combining this what we got earlier, we find 
that A = 2. 

Now we ask: What can B be, so that the units digit 
of 4 × B has units digit 2? Clearly it must be 3 or 8 
(because 4 × 3 = 12 and 4 × 8 = 32).

But if B = 8 then AB = 28, and 4 × 28 = 112 is a three-
digit number; too large.

So B = 3, and the answer is: 23 × 4 = 92. Thus: A = 2, 
B = 3, C = 9.

Cryptarithms do not always come this easy! But 
they generally yield to persistence and a long, 
careful examination of the underlying arithmetic. 
And, of course, there is no harm in doing a bit of 
‘trial and error’! Once one solves a cryptarithm 
there is a great feeling of satisfaction, and one 
finds that one has learnt some useful mathematics 
in the process.

Sometimes we come across a cryptarithm with 
more than one solution. People who design cryp-
tarithms consider this to be a ‘design flaw’. They 
maintain that a really well designed cryptarithm 
has a unique solution, and it should be possible to 
find it using ‘pure’ arithmetical reasoning, possibly 
with a small component of trial. 

Problem I-1-F.1 
Solve this cryptarithm:

ABCD × 4 = DCBA.
Thus, ABCD is a four digit number whose digits 
come in reverse order when the number is 
multiplied by 4. 

Problem I-1-F.2
Solve this cryptarithm: (TWO)2 = THREE.

Problem I-1-F.3 
The numbers 1, 2, 3, . . . , 99, 100, 101, . . . , 
999998, 999999 are written in a line. In this enor-
mously long string of numbers, what is the total 
number of 1s?

2. Problems For Solution - What is a cryptarithm?

Sneha Titus
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Sneha Titus

The problem we take up for discussion is the fol-
lowing; it was asked in the American Invitational 
Mathematics Examination (AIME), which is one of 
the examinations taken by students aspiring to do 
the national level olympiad of USA:

Find the least positive integer n such that every 
digit of 15 n is either 0 or 8.

Such questions look a bit baffling at first sight, but 
if one looks carefully, then some facts emerge. Let 
us try to solve to this problem.

A number whose digits are all 0s and 8s is clearly 
divisible by 8; hence 15n is divisible by 8. But 
15 = 3 × 5 and thus has no factors in common with 
8 (we say that 8 and 15 are ‘coprime’); hence n 
itself is divisible by 8. Let m = n/8. Then m has the 
property that every digit of 15m is 0 or 1. So the 
problem to solve is: 

Find the least positive integer m such that every 
digit of 15m is 0 or 1.

Once we get this least m, we multiply by 8 to get 
the required n. So let us look for the least such m.

Since 15m is a multiple of 3, the test for
divisibility by 3 must apply. Thus, the sum of the 
digits of 15m must be a multiple of 3. Since 0 does 
not contribute to the sum of the digits it follows 
that the number of 1s must be a mutiple of 3. That 
is, there must be three 1s, or six 1s, or nine 1s, and 
so on. The least positive multiple of 3 which has 
no digit outside the set. (0, 1) is clearly the 
number 111. Since we want the number to be 
divisible by 5 as well, we simply append a 0 at the 
end; we get 1110. Hence: 1110 is the least multiple 
of 15 which has the stated property.

Since 1110 =15 × 74, it follows that m = 74.
Hence the required value of n is 8 × 74 = 592. 
(Please check for yourself that 592 × 15 = 8880.)

Middle School Problem Editor : R AthmARAmAn

1. An Unusual Multiple of 15

2. Problems for Solution

Problem I-1-M.1
Find: (a) Four examples of right triangles in 

which the lengths of the longer leg and 
the hypotenuse are consecutive natural 
numbers.

 (b) Two examples of right triangles in which 
the lengths of the legs are consecutive 
natural numbers.

 (c) Two differently shaped rectangles having 
integer sides and a diagonal of length 25.

 (d) Two PPTs free from prime numbers.

Problem I-1-M.2
Let a right triangle have legs a and b and hypote-
nuse c, where a, b, c are integers. Is it possible that 
among the numbers a, b, c: 

1. All three are even?
2. Exactly two of them are even? 

3. Exactly one of them is even?
4. None of them is even?

Either give an example for each or prove why the 
statement is false.

Problem I-1-M.3 
Let a right triangle have legs a and b and hypote-
nuse c, where a, b, c are integers. Is it possible that 
among the numbers a, b, c:

1. All three are multiples of 3?
2. Exactly two of them are multiples of 3?
3. Exactly one of them is a multiple of 3?
4. None of them is a multiple of 3?

Either give an example for each or prove why the 
statement is false.

Problem I-1-M.4 
How many PPTs are there in which one of the 
numbers in the PPT is 60?
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Problem I-1-M.5 
Take any two fractions whose product is 2. 
Add 2 to each fraction.

Multiply each of them by the LCM of the denomi-
nators of the fractions. You now get two natural 
numbers. Show that they are the legs of an integer 
sided right triangle. (Example: Take the fractions 

2

5  and 
5

4 ; their product is 2. Adding 2 to each we 
get 

2

9  and 
5

14  . Multiplying by 10 which is the LCM 
of 2 and 5, we get 45 and 28. Now observe that 
452 + 282 = 532.)

Problem I-1-M.6
The medians of a right triangle drawn from the 
vertices of the acute angles have lengths 5 and 

14 . What is the length of the hypotenuse? 

Problem I-1-M.7
Let ABCD be a square of side 1. Let P and Q be the 
midpoints of sides AB and BC respectively. Join PC, 
PD and DQ. Let PC and DQ meet at R. What type 
of triangle is 3PRD? What are the lengths of the 
sides of this triangle?

Problem I-1-M.8 
Find all right triangles with integer sides such that 
their perimeter and area are numerically equal.

Problem I-1-M.9
If a and b are the legs of a right triangle, show that 

a b a b a b2
2 2 2 21 #+ + +^ h

Hint. A suitable diagram with a right triangle
inscribed in a square may reveal the answer.

Acknowledgement
Mr. Athmaraman wishes to ackowledge the generous help received from 
Shri Sadagopan Rajesh in preparing this problem set. 

Senior School Problem Editors : PRithwijit DE & ShAilESh ShiRAli

1.  A problem in number theory

We start this column with a discussion of the following problem which is adapted from one 
asked in the first Canadian Mathematical Olympiad (1969): 

Find all integer solutions of the equation a2 + b2 = 8c + 6. 

At first sight it looks rather daunting, doesn’t it?  — a single equation with three unknowns, and 
we are asked to find all its integer solutions!  But as we shall see, it isn’t as bad as it looks.

Note the expression on the right side: 8c + 6, eight times some integer plus six. That means it 
leaves remainder 6 when divided by 8. Hmmm …; so we want pairs of integers such that their 
sum of squares leaves remainder 6 when divided by 8. Put this way, it invites us to first exam-
ine what kinds of remainders are left when squared numbers are divided by 8. We build the fol-
lowing table. We have used a shortform in the table: ‘Rem’ means ‘remainder’, so ‘Rem (n2 ÷ 8)’ 
means ‘the remainder when n2 is divided by 8’. 

Please complete the table on your own and study the data. What do you see? 

Here are some striking patterns we see (and there may be more such patterns): 
1. Every odd square leaves remainder 1 when divided by 8.

n 1 2 3 4 5 6 7 8 9 10 ...
n2 1 4 9 ... ... ... ... ... ... ... ...

Rem (n2 ÷ 8)             1 4 1 ... ... ... ... ... ... ... ...
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2. The even squares leave remainders 0 and 4 when divided by 8, in alternation: 4, 0, 4, 0,….
(To say that ‘the remainder is 0’ means that there is no remainder, i.e., the square is 
divisible by 8.) 

Some thought will convince us that these patterns are ‘real’; they stay all through the sequence 
of squares and so are genuine properties of the squares. 

For example, consider pattern (1). Every even number can be represented as 2n and every odd 
number as 2n + 1, for some integer n. The quoted property concerns odd squares.

Hence we have: 
(2n + 1)2 = 4n2 + 4n + 1

 = 4n(n + 1) + 1

 = (4 × an even number) + 1

 = (a multiple of 8) + 1.

We see that every odd square leaves remainder 1 under division by 8.

In the same way, we find that the even squares leave remainders 0 and 4 under division by 8. 
Please prove this on your own. (You may want to figure out which squares leave remainder 0, 
and which squares leave remainder 4.)

With these findings let us look again at the expression a2 + b2, which is a sum of two squares. We 
have just seen that under division by 8, the only remainders possible are 0, 1 or 4. So the pos-
sible remainders when a2 + b2 is divided by 8 are the following: 

0 + 0,    0 + 1,    1 + 1,    4 + 0,    4 + 1,    4 + 4.

Hence, the possible remainders are 0, 1, 2, 4 and 5. 

Some numbers are missing in this list. We see that a sum of two squared numbers cannot leave 
remainder 3 under division by 8; nor can it leave remainder 6; nor remainder 7. Note in particu-
lar that ‘remainder 6’ is not possible.

So we have found our answer: The equation a2 + b2 = 8c + 6 has no integer solutions! 

In fact our analysis has shown us rather more: There are no integer solutions to any of the fol-
lowing three equations: 

a2 + b2 = 8c + 3,    a2 + b2 = 8c + 6,    a2 + b2 = 8c + 7.

The reasoning we have used in solving this problem is typical of such solutions. We call it ‘num-
ber theoretic reasoning’.

Another example of number theoretic reasoning
Here is another problem from number theory, of a kind often encountered. It has clearly been 
composed keeping in mind the year when India became independent. 

Find all possible square values taken by the expression n2 + 19n + 47 as n takes on all integer
values. 

Let n2 + 19n + 47 = m2. We need to find the possible values of m.

We shall now use the humble and time honoured technique of ‘completing the square’. Howev-
er to avoid fractions we first multiply by 4; this is acceptable: if n2 + 19n + 47 is a square number, 
then so is 4 (n2 + 19n + 47). Here is what we get: 
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4 (n2 + 19n + 47) = 4n2 + 76n + 188

 = (4n2 + 76n +192) + (188 − 192)

 = (2n + 19)2 − 173.

It so happens that 173 is a prime number. This will play a part in the subsequent analysis! 

Now we transpose terms and factorize:

(2n + 19)2 – 173 = (2m)2,

∴(2n + 19 − 2m) · (2n + 19 + 2m) = 173.

As 173 is prime, it can be written as a product of two integers in the following four ways 
(where we have permitted the use of negative integers): 

−1  × −173  =  1 × 173  =  −173 × −1  =  173 × 1.

Hence the pair (2n + 19 −2m, 2n + 19 + 2m) must be one of the following:

(−1, −173),  (1, 173), (−173, −1),  (173, 1).

By addition we get 4n + 38 = ±174,  i.e., n = 39 or n = −53. 

So there are precisely two values of n for which n2 + 19n + 47 is a perfect square, namely: n = 39 
and n = −53.

Next, by subtraction we get 4m = ±172, i.e., m = ±43. 

Hence, n2 + 19n + 47 takes precisely one square value, namely: 432 or 1849.

(Query: Was there something noteworthy happening in India in 1849? )

2. Problems for solution

Problem I-1-S.1
Let (a, b, c) be a PPT. 
1. Show that of the numbers a and b, one is odd and the other is even.
2. Show that the even number in{a, b} is a multiple of 4. 

Problem I-1-S.2
Let (a, b, c) be a PPT. Show that abc is a multiple of 60.

Problem I-1-S.3
Show that any right-angled triangle with integer sides is similar to one in the 
Cartesian plane whose hypotenuse is on the x-axis and whose three vertices 
have integer coordinates. (Source: Problem of the Week column, Purdue 
University.)

Problem I-1-S.4
Let a, b and c be the sides of a right-angled triangle. Let i  be the smallest 
angle of this triangle. Show that if 1/a, 1/b and 1/c too are the sides of a 
right-angled triangle, then 

sin 5 1–
2

1
i = ^ h

(Source: B Math entrance examination of the Indian Statistical Institute.)
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Problem I-1-S.5
Find all Pythagorean triples (a, b, c) in which:
(i) one of a, b, c equals 2011; (ii) one of a, b, c equals 2012.

Problem I-1-S.6
Find all PPTs (a, b, c) in which a, b, c are in geometric progression; or show 
that no such PPT exists.

Problem I-1-S.7
In any triangle, show that the sum of the squares of the medians equals 

4

3  of 
the sum of the squares of the sides.

Problem I-1-S.8
The figure shows a 3ABC in which P, Q, R are points of trisection of the 
sides, with BP = 

3

1 BC,  CQ = 
3

1 CA,  AR = 
3

1 AB. Show that the fraction   

BC CA AB
AP BQ CR

2 2 2

2 2 2

+ +

+ +

has the same value for every triangle. What is the value of the constant?  
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At a function held in December 2011 at the Insti-
tute of Mathematical Sciences in Chennai, Prime 
Minister Shri Manmohan Singh declared 2012 to 
be ‘National Mathematics Year’ and 22 December 
(birth date of the great mathematician Srinivasa 
Ramanujan) to be ‘National Mathematics Day’. He 
inaugurated a series of year-long celebrations to 
mark the 125th year of Ramanujan’s birth, and 
said in his speech, “It is a matter of concern that 
for a country of our size, the number of competent 
mathematicians that we have is badly inadequate …
There is a general perception in our society that the 
pursuit of mathematics does not lead to attractive 
career possibilities. This perception must change. 
[It] may have been valid some years ago, but today 
there are many new career opportunities available 
[in] mathematics. …” He urged the mathematical 
community to find ways and means to address the 
shortage of top quality mathematicians and reach 
out to the public.

These remarks bring home the need to ponder the 
state of mathematics education in our country: 
why, for vast numbers of students, mathematics 
remains a subject of dread, a subject that causes 
one to ‘switch off’ at an early age. What are we do-
ing to make this happen? 

In contrast we have the extraordinary story of Ra-
manujan, who was completely in love with mathe-
matics, to a degree that seems scarcely imaginable, 
and whose life may be described as a passionate 
celebration of mathematics.

It seems natural to ask what I — as a mathematics 
teacher — can do to address the situation in the 
country, and to ask, “Can I bring about a love for 
mathematics in my students?  Can I help children 
explore this beautiful garden and show them that 
it is a world in which great enjoyment is possible, 
even if one is not highly talented at it? ” 

The answer surely is: Yes. And I do not think it is 
so very difficult to do. But two things are required 
at least — a love for one’s subject, and a love of 
sharing with human beings. If these are there, 
then ways can be found and techniques developed 
that will bridge most barriers. If as a teacher I 
have a love of exploration, a love of inquiry, a love 
of playing with numbers, then surely I will be able 
to communicate it to children. It seems to me that 
before I ask for techniques of instruction, I must 
ask if I have that kind of feeling for the subject and 
for sharing it with children.

What are the factors which for so many children 
bring about a fear-filled and alienating relation-
ship with mathematics?  It is obvious that a huge 
contributory factor is a hostile learning environ-
ment, in which early contact with fear and com-
parison as instruments of learning serve to chip 
away at one’s childhood. If there is one area where 
techniques need to be found, it is this: to find ways 
of assessment, of feedback and communication, 
which do away with these traditional and intrinsi-
cally violent instruments.

Mathematics education may be in a state of crisis, 
but this is true of education as a whole, and in a 
far more serious sense. The world today is in a 
very grave situation: divisive forces are tearing us 
apart, and our greed is destroying the earth. We 
seem to be blind to the fact that our way of life is 
not sustainable. In what way can we teachers help 
in bringing some sanity to the world around us, 
through our teaching and our contact with chil-
dren?  In what way can we convey the beauty of 
exploration and sharing so that it extends beyond 
the boundaries of the classroom and spills over 
into life?  In what way can we convey a love for 
what we are doing, a love which is not bound to 
the classroom?  Let us keep these questions in the 
foreground, so that they thoroughly permeate our 
work and everything we do.

— Shailesh Shirali

The Closing Bracket …
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Specific Guidelines for Authors 

Prospective authors are asked to observe the following guidelines. 

1. Use a readable and inviting style of writing which attempts to capture the reader's attention at the start. 

The first paragraph of the article should convey clearly what the article is about. For example, the opening 

paragraph could be a surprising conclusion, a challenge, figure with an interesting question or a relevant 

anecdote. Importantly, it should carry an invitation to continue reading. 

2. Title the article with an appropriate and catchy phrase that captures the spirit and substance of the article. 

3. Avoid a 'theorem-proof' format. Instead, integrate proofs into the article in an informal way. 

4. Refrain from displaying long calculations. Strike a balance between providing too many details and 

making sudden jumps which depend on hidden calculations. 

5. Avoid specialized jargon and notation — terms that will be familiar only to specialists. If technical terms 

are needed, please define them. 

6. Where possible, provide a diagram or a photograph that captures the essence of a mathematical idea. 

Never omit a diagram if it can help clarify a concept. 

7. Provide a compact list of references, with short recommendations. 

8. Make available a few exercises, and some questions to ponder either in the beginning or at the end of the 

article. 

9. Cite sources and references in their order of occurrence, at the end of the article. Avoid footnotes. If 

footnotes are needed, number and place them separately. 

10. Explain all abbreviations and acronyms the first time they occur in an article. Make a glossary of all such 

terms and place it at the end of the article. 

11. Number all diagrams, photos and figures included in the article. Attach them separately with the e-mail, 

with clear directions. (Please note, the minimum resolution for photos or scanned images should be 

300dpi). 

12. Refer to diagrams, photos, and figures by their numbers and avoid using references like 'here' or 'there' or 

'above' or 'below'. 

13. Include a high resolution photograph (author photo) and a brief bio (not more than 50 words) that gives 

readers an idea of your experience and areas of expertise. 

14. Adhere to British spellings – organise, not organize; colour not color, neighbour not neighbor, etc. 

15. Submit articles in MS Word format or in LaTeX. 


