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With the LCM and GCD
of natural numbers well-
defined and an integral
part of the middle school
curriculum, one may
wonder why this article
embarks on a rather
theoretical study of the
LCM and GCD of rational
numbers. But this article
depicts exactly what a
mathematician does — take
a well-known concept
and extend it to larger
sets, testing the extended
definition with backward
compatibility with the
original set. For the more
able middle-schooler, this
is an excellent opportunity
to flex the muscles of
conceptual understanding

and constructive reasoning.

Dive in!

t happens quite frequently in mathematics that we

need to extend the definition of a mathematical concept

to cover a larger domain than the one on which the
concept was originally defined. Historically, such a
progression is part of the very evolution of mathematics.

To give a simple example, consider the notion of sine and
cosine of an angle. These notions arise from the
consideration of right-angled triangles. If we stick strictly to
the original definition, then it becomes absurd to talk of the
sine and cosine of an obtuse angle. But one can easily extend
the domains of definition of these functions to cover angles
of arbitrary measure by considering, instead of a right-angled
triangle, a circle of unit radius centred at the origin of a
rectangular coordinate plane.

In such cases, it becomes imperative to check for backward
compatibility (to borrow a term used more often in relation
to software packages as they evolve and grow over time).
That is, we must verify that the extended definition reduces
to the original definition when considered over the original
(reduced) domain. It is easy to verify that backward
compatibility does hold in the case of the trigonometric
functions.

And just as we have the notion of ‘vibration testing’ in
engineering, in which we test the response of a newly
engineered device in a stressful vibration environment to
ascertain its points of weakness, so must we subject an
extended definition to tests to ascertain its points of
weakness.
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We consider one such case here. We ask:
Is it possible to extend the definitions of GCD and LcM to the rational numbers?

In their current form, these functions are defined only for pairs of integers (not both zero). We recall their
definitions here.

o Let 4, b be integers, not both equal to 0 (note that Gep (0, 0) is not defined). Then:
— We define Gep (4, 0) to be ||, provided that 2 # 0.

— Ifa # 0 and b # 0, then GeD (4, b) is defined to be the largest positive integer ¢ such that #/c and
b/ c are integers. (Note that the two conditions “2 7# 0 and 4 # 0” can be captured as a single
condition by writing: “if a6 # 0”.)

The definition will always yield a number satisfying the stated conditions since the set of positive

integers ¢ such that #/c and /¢ are integers is nonempty (1 belongs to this set) and finite (since ¢ < |4]
and ¢ < |4)).

e Leta # 0, b # 0 be integers. We define LcM (4, 6) to be the smallest positive integer ¢ such that ¢/
and ¢/ b are integers. The definition will always yield a number satisfying the stated conditions since the
set of positive integers ¢ such that ¢/a and ¢/ b are integers is nonempty (since @b belongs to this set).

The Gep can be efficiently computed using Euclid’s division algorithm, and the Lcm can then be
computed using the relation

GeD (a, b) X LeMm (a, b) = ab, (1)
which is true for all 2 # 0, 6 # 0.

Can we extend these definitions to cover rational numbers as well, keeping in mind the comments made
earlier? Let us apply commonsense logic and see where it leads us.

Greatest common divisor of two positive rational numbers

We do not ordinarily use the term ‘divisor’ and ‘multiple’ in connection with non-integral rational
numbers; so it is best to be clear at the start as to what these notions mean. We adopt the simplest
approach here; the two terms are assumed to mean exactly the same thing as what they mean when used
with reference to integers. So, if 7 and s are non-zero rational numbers, we say that 7 is a divisor of s if s/7 is
an integer; and in this situation we also say that s is a multiple of 7. For example, 1/6 is a divisor of 2/3
(for 2/3 +1/6 = 4, an integer) and 2/3 is a multiple of 1/6.

Study of a particular case. To start with, let us try to find the Gep of a specific pair of fractions, say 15/4
and 9/14. Note that both the fractions have been given in their lowest terms. Suppose that the required
GeD is 1/m times the first fraction and also 1/7 times the second fraction, where 7 and 7 are positive
integers. By the definition of greatest common divisor, 72 and 7 cannot have any divisors in common other
than 1; i.e., Gcp (m, n) = 1. So we have:

1 9
izm GCD(Wl,n):l.
Cancelling common factors and simplifying, we get
3
2= —5, Gep (m, n) = 1.
n 6
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Since 35 and 6 have no factors in common other than 1, the relation 72/7 = 35/6 tells us that m is a
multiple of 35 and 7 is a multiple of 6. And since Gep (2, 7) = 1, it must be that 2 = 35 and n = 6.
Hence the gep of the two fractions is equal to
53 9
4%x35 28 14x6

i.e., the Gep is equal to 3/28. Now the numerator of 3/28 is 3, which is equal to Gep (15,9), and the
denominator of 3/28 is 28, which is equal to LcMm (4, 14). So our reasoning has led us to the following:

15 9 cep (15,9)
Gep | —, — | = ————=.
4° 14 LcM (4, 14)

The general case. Will this reasoning work in general? Let us apply the same reasoning to the pair of
fractions 2/ b and ¢/ d; here a, b, ¢, d are positive integers with Gep (2, 6) = 1 and 6ep (¢, d) = 1. Suppose
that the required Gep is 1/m times the first fraction and also 1/ times the second fraction, where 7 and
n are positive integers with no divisors in common other than 1; i.e., Gcp (m, 7) = 1. So we have:

a ¢ ( =1
= Gep (m,n) =1,
m  ad
—=—, Gco(mn) =1
n bc

By assumption, Gep (a2, ) = 1 = Gep (¢, d). However, 2 and ¢ may have common divisors other than 1;
likewise for 4 and 4. Let Gep (4, ¢) = uand Gep (b, d) = v. We have, then:

%i: z;l 9 d _alu " djv _ (ad)/(w)

b c/u’ by (be)/(wv)
m _ (ad)/(uv)

n o (be)/(uv)’

Hence:

ad be
and since — and — can have no factors in common, it must be that
uy uy
ad bc
m=—, n=—.
uy uy
Hence the required Gep is
a uy c

me:Zi:an'

Let us look more closely at the fraction in the middle; it can be written as:

w u
bd — bd/v’
The numerator of the fraction on the right side is Gcp (4, ¢). The denominator of the fraction is
bd bxd

TIWILCM(&&{).

We see, therefore, that

oo (4, ) = Gep (a,¢)

b d LeMm (b, d)
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Least common multiple of two positive rational numbers

Study of a particular case. To start with, let us try to find the LcM of the same pair of fractions we
studied earlier, 15/4 and 9/14. Suppose that the required Gep is 7 times the first fraction and also 7
times the second fraction, where 7 and 7 are positive integers. By the definition of least common
multiple, 72 and 7 cannot have any divisors in common other than 1; i.e., Gcp (7, 7) = 1. So we have:

15 9
Tm = I—Z, Gep (m, n) = 1.
Cancelling common factors and simplifying, we get
6
2-2, Gep (m, n) = 1.
n 35

Since 6 and 35 have no factors in common other than 1, the relation 72/7 = 6/35 tells us that m is a
multiple of 6 and 7 is a multiple of 35. And since Gcp (72, 7n) = 1, it must be that m = 6 and n = 35.
Hence the Lcm of the two fractions is equal to
15x6 45 9x35
4 2 14
i.e., the Gep is equal to 45/2. Now the numerator of 45/2 is 45, which is equal to Lcm (15, 9), and the
denominator of 45/2 is 2, which is equal to Gep (4, 14). So our reasoning has led us to the following:

Lont 15 9 _ rem(15,9)
4’ 14)  ccp (4,14)

The general case. Just as we did earlier, let us apply the same reasoning to the pair of fractions 2/4 and
¢/d; here a, b, ¢, d are positive integers with Gep (2, 6) = 1 and Gep (¢, d) = 1. Suppose that the required
GCD is 7 times the first fraction and also 7 times the second fraction, where 7 and 7 are positive integers
with no divisors in common other than 1; i.e., Gep (7, 7) = 1. So we have:

am  cn () = 1

_— = — D =

!7 - eep(mn ,
b

ﬁ:—c, Gep (m, n) = 1.

n  ad

Let Gep (4, ¢) = uand Gep (b, d) = v. We have, then:

be b c b du_ (0w
ad d

X

a div alu (ad)/(wv)
m  (be)/(uv)

n (ad)/(uv)’

Hence:

bc ad
and since — and — have no factors in common, it must be that
uv uy
be ad
m=—, n=—.
uy uy

Hence the required Gep is
axm ac  cXn

b ww d

Let us look more closely at the fraction in the middle; it can be written as:

ac  aclu

uv v
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The numerator of the fraction on the right side is @c/Gcp (4, ¢) = LcM (4, ¢). The denominator of the
fraction is v = GcD (b, ¢). We see, therefore, that

Lonr (z f) _ tem(a0)

6> d)  cco(b,d)

Subjecting the extended definition to stress tests...

First test. Let us subject our formula to the simplest possible stress test, that of backward compatibility.
That is, let us see if the formula reduces to the known formula for gep if the rational numbers under
consideration happen to be positive integers, i.e., with unit denominator.

In the statement,

a ¢\  Gcp(a,c)
eep <Z’ ;z’> ~wem (b, d)

let 6 = 1, d = 1. The result then assumes the following form:

Gep (a, ¢)
GCD (d, C) = m

But LeMm (1, 1) = 1, so the statement assumes the form Gep (4, ) = Gep (4, b), which is vacuously true.
So the test of backward compatibility has been passed (though in a rather trivial manner).

Second test. We know that if 4, 6 are positive integers, then
Gep (a, b) X LeM (a, b) = ab.

Let us check whether such a relation holds for the cecp and the Lcm of two positive rational numbers. Let
the two positive rational numbers be 2/6 and ¢/d; here a, b, ¢, d are positive integers with Gep (4, 6) = 1
and Gep (¢, d) = 1. Then we have:

GCD (;—i, 2) X LCM (‘_;’ f{) _ Gep (a,¢) e (2,¢)

We see that the relation does hold in the domain of rational numbers. Our extended definition has just
passed an important test!

Third test. We know that if #, 4 are positive integers, then there exist integers x and y such that
ax+ by = aco (a, b).

Let us check whether such a relation holds for the ep of two positive rational numbers. Let the two
positive rational numbers be @/ and ¢/d; here a, b, ¢, d are positive integers with Gcp (4, 6) = 1 and
Gep (¢, d) = 1. We must examine whether there exist integers x and y such that

ax ¢y  Gep(a,c)

b d iem(bd)
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Multiplying both sides of the above relation by &d, we see that the question reduces to asking whether
there exist integers x and y such that

ad-x+ bec-y = cep (a,c) - ep (b, d).
Since the following relation is clearly true,

6ep (ad, be) = ep (a, ¢) - cep (b, d),
it follows that there must indeed exist integers x and y such that

ad - x+ bc-y = acp (a,c) - 6ep (b, d),
and, therefore, that there must indeed exist integers x and y such that

ax ¢y _ 6cp(a,c)

b d iem(bd)
So the same kind of relation holds in the domain of rational numbers. Our extended definition has now
passed a third important test!

It is impressive to see how far commonsense logic has led us. We were true to it and it has not let us down!
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