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Problems forIn
Solution
how many ways can the integers

Let 𝑃𝑃 be a polynomial such that
𝑃𝑃𝑃𝑃𝑃𝑃 𝑃 𝑃𝑃𝑃𝑃𝑃 𝑃 𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑃 𝑃𝑃𝑃𝑃𝑃𝑃𝑃 � and 𝑃𝑃𝑃𝑃𝑃𝑃 𝑃 𝑃.
Problem
II-3-S.1
Find the value of 𝑃𝑃𝑃𝑃𝑃.
Let 𝑃𝑃 be a polynomial such that
𝑃𝑃𝑃𝑃𝑃𝑃
𝑃 𝑃𝑃𝑃𝑃𝑃
𝑃 𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑃 𝑃𝑃𝑃𝑃𝑃𝑃𝑃 � and 𝑃𝑃𝑃𝑃𝑃𝑃 𝑃 𝑃.
Problem
II-3-S.2
Find
the value
of 𝑃𝑃𝑃𝑃𝑃. of 𝐵𝐵𝐵𝐵 is 𝐷𝐷; the foot of the
In △𝐴𝐴𝐴𝐴𝐴𝐴,
the midpoint

perpendicular from 𝐴𝐴 to 𝐵𝐵𝐵𝐵 is 𝐸𝐸; and the foot of
Problem
II-3-S.2
the perpendicular from 𝐷𝐷 to 𝐴𝐴𝐴𝐴 is 𝐹𝐹. Given that
In △𝐴𝐴𝐴𝐴𝐴𝐴, the midpoint of 𝐵𝐵𝐵𝐵 is 𝐷𝐷; the foot of the
𝐵𝐵𝐵𝐵𝐵 𝐵, 𝐸𝐸𝐸𝐸𝐸 𝐸, and the area of △𝐴𝐴𝐴𝐴𝐴𝐴 is 84,
perpendicular from 𝐴𝐴 to 𝐵𝐵𝐵𝐵 is 𝐸𝐸; and the foot of
compute the length of 𝐸𝐸𝐸𝐸.
the perpendicular from 𝐷𝐷 to 𝐴𝐴𝐴𝐴 is 𝐹𝐹. Given that
𝐵𝐵𝐵𝐵𝐵 𝐵, 𝐸𝐸𝐸𝐸𝐸 𝐸, and the area of △𝐴𝐴𝐴𝐴𝐴𝐴 is 84,
compute the length of 𝐸𝐸𝐸𝐸.

−8, −7, −6, −5, … , 4, 5, 6, 7, 8 be arranged in a line
Problem
II-3-S.3
such that reading from left to right the absolute
In how many ways can the integers
values of the numbers do not decrease?
−8, −7, −6, −5, … , 4, 5, 6, 7, 8 be arranged in a line
such
that reading
from left to right the absolute
Problem
II-3-S.4
values
of the
do with
not decrease?
Two ships
sailnumbers
on the sea
constant speeds
and �i�ed directions. It is �nown that at 9:�� am
Problem
II-3-S.4

the distance between them was 20 miles; at 9:35
Two ships sail on the sea with constant speeds
am, 15 miles; and at 9:55 am, 13 miles. What was
and �i�ed directions. It is �nown that at 9:�� am
the least distance between the ships, and at what
the distance between them was 20 miles; at 9:35
time was it achieved? [IMO Short list, 1968]
am, 15 miles; and at 9:55 am, 13 miles. What was
the least distance between the ships, and at what
time was it achieved? [IMO Short list, 1968]

Solutions
in Issue-II-2
Issue-II-2
Solutions of
of Problems
Problems in

�
Solution to problem II-2-S.1
𝜋𝜋𝜋𝜋� . The four arcs into which the circumference
�
Solutions of Problems
in Issue-II-2

A circle has two parallel chords of length 𝑥𝑥 that are
𝑥𝑥 units apart. If the part of the circle included
Solution
to problem II-2-S.1
between the chords has area 2+ 𝜋𝜋� �ind the �alue
A circle has two parallel chords of length 𝑥𝑥 that are
of 𝑥𝑥.
𝑥𝑥 units apart. If the part of the circle included
between
the𝐶𝐶𝐶𝐶
chords
hastwo
area
2+ 𝜋𝜋� chords
�ind theof�alue
be the
Let 𝐴𝐴𝐴𝐴 and
parallel
of
𝑥𝑥.
length 𝑥𝑥 units which are 𝑥𝑥 units apart. Observe

64

that 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is a square with area 𝑥𝑥 � square units.
Let 𝐴𝐴𝐴𝐴 and 𝐶𝐶𝐶𝐶 be the two parallel chords of
Since the diagonal of the square coincides with a
length 𝑥𝑥 units which are 𝑥𝑥 units apart. Observe
diameter of the circle, the radius 𝑅𝑅 of the circle is
that 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is a square with area 𝑥𝑥 � square units.
given by 2𝑅𝑅 𝑅𝑅𝑅√2. Thus the area of the circle is
Since the diagonal of the square coincides with a
diameter of the circle, the radius 𝑅𝑅 of the circle is
given by 2𝑅𝑅 𝑅𝑅𝑅√2. Thus the area of the circle is
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of the circle is divided by the vertices 𝐴𝐴, 𝐵𝐵, 𝐶𝐶, 𝐷𝐷 of
the
square are congruent and so are the four
�
𝜋𝜋𝜋𝜋� . The four arcs into which the circumference
�
segments
of the circle (created by the four sides of
of the circle is divided by the vertices 𝐴𝐴, 𝐵𝐵, 𝐶𝐶, 𝐷𝐷 of
the square). If each segment has area 𝑘𝑘 square
the square are congruent and so are the four
units then
segments of the circle (created by the four sides of
𝜋𝜋 �
the square). If each𝑥𝑥segment
=𝑥𝑥 � +has
4𝑘𝑘𝑘area 𝑘𝑘 square
2
units then
and we also have 𝜋𝜋
𝑥𝑥 �𝑥𝑥+2𝑘𝑘
�
=𝑥𝑥 �𝑘𝑘𝑘𝑘𝑘
+ 4𝑘𝑘𝑘 (given data).
2
From these two equations we get 𝑥𝑥 � = 4 and
therefore 𝑥𝑥𝑥𝑥 (since 𝑥𝑥 𝑥 𝑥).
and we also have 𝑥𝑥 � +2𝑘𝑘 𝑘𝑘𝑘𝑘𝑘 (given data).
From these two equations we get 𝑥𝑥 � = 4 and
therefore 𝑥𝑥𝑥𝑥 (since 𝑥𝑥 𝑥 𝑥).

Solution to problem II-2-S.2
The prime numbers 𝑝𝑝 and 𝑞𝑞 are such that 𝑝𝑝 𝑝 𝑝𝑝
and 𝑝𝑝 𝑝 𝑝𝑝𝑝 are both perfect squares. Determine the
value of 𝑝𝑝.

Let 𝑝𝑝 𝑝 𝑝𝑝 𝑝 𝑝𝑝� and 𝑝𝑝 𝑝 𝑝𝑝𝑝 𝑝 𝑝𝑝� . Then
6𝑞𝑞 𝑞𝑞𝑞� − 𝑥𝑥 � = (𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦. Thus
(𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 is an even number. As 𝑦𝑦𝑦𝑦𝑦 and
𝑦𝑦𝑦𝑦𝑦 are of the same parity (this is short for
saying that they are both odd or both even) and
their product is even, both 𝑦𝑦𝑦𝑦𝑦 and 𝑦𝑦𝑦𝑦𝑦 must
be even. Therefore their product is a multiple of 4,
i.e., 4 divides 6𝑞𝑞. But then 𝑞𝑞 must be even, so
𝑞𝑞 𝑞 𝑞. Therefore (𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦𝑦 𝑦𝑦𝑦𝑦𝑦 𝑦𝑦.
Assuming 𝑥𝑥 and 𝑦𝑦 to be positive we see that
𝑦𝑦𝑦𝑦𝑦𝑦𝑦 and 𝑦𝑦𝑦𝑦𝑦𝑦𝑦, which gives
(𝑥𝑥𝑥 𝑥𝑥𝑥𝑥𝑥𝑥𝑥 𝑥𝑥. Thus 𝑝𝑝 𝑝 𝑝𝑝 � − 2=2.

Solution to problem II-2-S.3

Determine the value of the in�inite series

1
1
1
1
+
+
+
+ ⋯.
3� +1 4� +2 5� + 3 6� + 4
For 𝑟𝑟 𝑟 𝑟 let 𝑡𝑡� be the 𝑟𝑟�� term of the series. Then:
1
1
=
𝑡𝑡� =
�
(𝑟𝑟 𝑟𝑟𝑟 + 𝑟𝑟
(𝑟𝑟 𝑟𝑟𝑟𝑟𝑟𝑟 𝑟𝑟𝑟
=

=

1
1
1
−
�
�
3 𝑟𝑟 𝑟𝑟 𝑟𝑟 𝑟𝑟

1
1
1
��
−
�
3
𝑟𝑟 𝑟𝑟 𝑟𝑟 𝑟𝑟
𝑝�

𝑝�

Hence if the sum of the series is 𝑆𝑆, then:
3𝑆𝑆 𝑝 �

1 1 1 1 1 1
− + − + − 𝑝 ⋯�
2 3 3 4 4 5

𝑝�

=

1 1 1 1 1 1
− + − + − 𝑝 ⋯�
3 4 4 5 5 6

𝑝�

1 1 1 1 1 1
− + − + − 𝑝 ⋯�
4 5 5 6 6 7

13
1 1 1
+ + =
,
2 3 4
12

∴ 𝑆𝑆 𝑆

13
.
36

Remark �roperly spea�ing we should show �irst
that the given series has a �inite sum� to use the
technical and accepted term, it ‘converges’ . But
we shall leave this step to you.

Solution to problem II-2-S.4

In trapezium 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, the sides 𝐴𝐴𝐴𝐴 and 𝐵𝐵𝐵𝐵 are
parallel to each other; 𝐴𝐴𝐴𝐴 𝐴𝐴, 𝐵𝐵𝐵𝐵𝐵𝐵, 𝐶𝐶𝐶𝐶𝐶 𝐶,
𝐴𝐴𝐴𝐴 𝐴𝐴𝐴. Sides 𝐴𝐴𝐴𝐴 and 𝐶𝐶𝐶𝐶 are extended to meet at
𝐸𝐸. Determine the magnitude of ∠𝐴𝐴𝐴𝐴𝐴𝐴.

Choose a point 𝐹𝐹 on 𝐴𝐴𝐴𝐴 such that 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 is a
parallelogram. Then 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 and
𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. Thus
in triangle 𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴 𝐴𝐴, 𝐵𝐵𝐵𝐵𝐵𝐵 and 𝐴𝐴𝐴𝐴𝐴𝐴𝐴.
Hence ∠𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 ∘ . But ∠𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴.
Therefore ∠𝐴𝐴𝐴𝐴𝐴𝐴 𝐴 𝐴𝐴 ∘ .
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1
−
�
𝑟𝑟 𝑟𝑟 𝑟𝑟 𝑟𝑟

1
1
−
� �.
𝑟𝑟 𝑟𝑟 𝑟𝑟 𝑟𝑟
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