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Rectangle in a Triangle …

When does it have
Maximum Area?

A GeoGebra Exploration

Problem. Let 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 be a triangle in which ∡𝐴𝐴𝐴𝐴 and ∡𝐴𝐴𝐴𝐴 are acute,
and let 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 be a rectangle inscribed in the triangle, with vertex
𝑃𝑃𝑃𝑃 on side 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, vertices 𝑃𝑃𝑃𝑃 and 𝑃𝑃𝑃𝑃 on side 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, and vertex 𝑃𝑃𝑃𝑃 on side 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴
(so 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑃𝑃 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴). Find the maximum possible value of
the ratio of the area of rectangle 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 to that of triangle 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴.
�bviously, in�initely many possibilities exist for the inscribed
rectangle, as Figure 1 suggests. Which of them hasmaximum area?
Solution. The problem is tailor-made for a “tech
investigation”! We invite you to use the applet available at
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Figure 1. Many rectangles inscribed in a triangle:
which has the largest area?
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A Potpourri
of Problems

Wepresent once again a miscellaneous
collection of nice problems, followed
by their solutions. We state the

problems �irst so you have a chance to try them
out on your own.

Problems

(1) Find all positive integers which can be written
as the sum of the squares of some two
consecutive non-negative integers and also as
the sum of the fourth powers of some two
consecutive non-negative integers. In other
words, solve the equation

𝑚𝑚𝑚𝑚� + (𝑚𝑚𝑚𝑚 + 𝑚𝑚𝑚𝑚� = 𝑛𝑛𝑛𝑛� + (𝑛𝑛𝑛𝑛 + 𝑚𝑚𝑚𝑚�

over the non-negative integers ℕ�.
(2) Is there any positive rational number 𝑟𝑟𝑟𝑟 other

than 𝑚𝑚 such that 𝑟𝑟𝑟𝑟+ �
� is an integer?

(3) Determine the smallest prime that does not
divide any �ive-digit number whose digits are
in strictly increasing order.

[Regional Math Olympiad 2013]

(4) A “three-sum” integer 𝑛𝑛𝑛𝑛 is one that can be
expressed in the form 𝑛𝑛𝑛𝑛 = 𝑛𝑛𝑛𝑛 + 𝑛𝑛𝑛𝑛 + 𝑛𝑛𝑛𝑛, where
𝑛𝑛𝑛𝑛𝑎𝑎 𝑛𝑛𝑛𝑛𝑎𝑎 𝑛𝑛𝑛𝑛 are positive integers such that
𝑛𝑛𝑛𝑛 𝑎𝑎 𝑛𝑛𝑛𝑛 𝑎𝑎 𝑛𝑛𝑛𝑛 and 𝑛𝑛𝑛𝑛 divides 𝑛𝑛𝑛𝑛 and 𝑛𝑛𝑛𝑛 divides 𝑛𝑛𝑛𝑛. For
example, 7 is a three-sum by virtue of the
equality 𝑚𝑚 + 2 + 4 = 7. It is easy to see that
𝑚𝑚𝑚𝑚 2𝑎𝑎 3 are not three-sums. How many
non-three-sums are there?

[Adapted from the Indian National
Math Olympiad 2011]

Solutions

(1) Solve the equation
𝑚𝑚𝑚𝑚� + (𝑚𝑚𝑚𝑚 + 𝑚𝑚𝑚𝑚� = 𝑛𝑛𝑛𝑛� + (𝑛𝑛𝑛𝑛 + 𝑚𝑚𝑚𝑚� over the
non-negative integers.

Solution: As with so many such problems,
the tools that come handy here are the
“completing the square” technique and the
“difference of two squares” factorization.
(The lesson for you therefore is: always
be prepared to use these two humble
tools.)

Keywords: integer, square, fourth power, rational, prime, multiple,
composite, difference of squares, completing the square, Pythagoras, triple
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Figure 2. A ‘typical’ rectangle inscribed in a triangle

https://www.geogebratube.org/student/m140986
(or to write an applet of such a kind for yourself)
and arrive at a plausible answer.
In Figure 2, let 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝐵𝐵 𝐵𝐵𝐵𝐵, 𝐵𝐵𝐵𝐵𝐶𝐶𝐶𝐶 𝐵𝐵 𝐶𝐶𝐶𝐶, 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶  𝐴𝐴𝐴𝐴. Let 𝐶𝐶𝐶𝐶𝐴𝐴𝐴𝐴 be
the altitude through 𝐶𝐶𝐶𝐶 of △𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶, and let its length
be ℎ; then the area of triangle 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 is �

�𝐵𝐵𝐵𝐵𝐵.
Now, note that △𝐶𝐶𝐶𝐶𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is similar to △𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶. Let
𝐶𝐶𝐶𝐶𝐴𝐴𝐴𝐴𝐴𝐴𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶  𝐴𝐴𝐴𝐴 (so 𝐴𝐴𝐴𝐴 is the coef�icient of similarity);

then 𝐶𝐶𝐶𝐶𝐴𝐴𝐴𝐴𝐴𝐴𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶  𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴  𝐴𝐴𝐴𝐴 as well. Thus, the
dimensions of △𝐶𝐶𝐶𝐶𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 are 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. Hence, by
similarity, the altitude through 𝐶𝐶𝐶𝐶 of △𝐶𝐶𝐶𝐶𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 has
length 𝐴𝐴𝐴𝐴𝐴. It follows that 𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃 𝐵𝐵 𝐵 𝑃𝑃 𝐴𝐴𝐴𝐴𝐴𝐴𝐴  𝑃𝑃𝑃𝑃 𝑃𝑃 𝐴𝐴𝐴𝐴𝑃𝑃ℎ.
Hence the area of rectangle 𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐴𝐴𝐴𝐴 is 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴  𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴,
and the ratio of the area of rectangle 𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐴𝐴𝐴𝐴 to that
of triangle 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 is 2𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴  𝐴𝐴𝐴𝐴𝐴𝐴.
The function 2𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴  𝐴𝐴𝐴𝐴𝐴𝐴 is quadratic, and it is easy
to �ind its maximum value by simple algebra (no
calculus is needed). �e �ind that for 0 ≤ 𝐴𝐴𝐴𝐴 𝐴𝐴𝐴 , the
maximum value attained by 2𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴  𝐴𝐴𝐴𝐴𝐴𝐴 is �

� ,
attained when 𝐴𝐴𝐴𝐴 𝐴𝐴 �

� . Here is a proof:

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴  𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴  𝐴𝐴𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴𝐴� 𝐵𝐵 𝑃𝑃
4 𝑃𝑃 𝑃𝑃𝑃4 𝑃𝑃 𝑃𝑃𝑃𝑃 𝑡𝑡 𝐴𝐴𝐴𝐴��

𝐵𝐵 𝑃𝑃
4 𝑃𝑃 𝑃𝑃𝑃2 𝑃𝑃 𝑃𝑃𝑃𝑃𝑃

�
≤ 𝑃𝑃

4,

with equality just when 𝐴𝐴𝐴𝐴 𝐴𝐴 �
� . Hence

2𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴  �
� , with equality just when 𝐴𝐴𝐴𝐴 𝐴𝐴 �

� .
So the maximum possible value of the ratio of the
area of rectangle𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝐴𝐴𝐴𝐴 to that of triangle𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 is �

� .
Is this what your GeoGebra exploration revealed
to you?
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