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How To …

Solve A Geometry
Problem — III

A Three Step Guide

In this edition of ‘Geometry Corner’ we solve the following challenging problem.
Problem. In triangle 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 (Figure 1), 𝐷𝐷𝐷𝐷 is a point on 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 extended such that 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴𝐴𝐷𝐷𝐷𝐷. The bisector of
∡𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 meets 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 at 𝑅𝑅𝑅𝑅. The midpoint of 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is𝑀𝑀𝑀𝑀, and 𝐷𝐷𝐷𝐷𝑀𝑀𝑀𝑀 intersects 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 in 𝑃𝑃𝑃𝑃. Prove that ∡𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴.
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Figure 1.

Here we are required to prove a proposition, and this opens a new window of opportunity; for we can
assume the proposition to be true and then study its implications, and this may give us a hint of how we
should proceed; indeed, this is often an important �irst step in the exploration of a problem. In Figure �
the given information has been recorded, and line 𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃 has been extended to meet 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 in 𝑄𝑄𝑄𝑄. This kind of
construction (a line in this case) is known as an ‘auxiliary construction’ which helps in the proof.
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Figure 2.

The �igure makes it evident that if the given proposition is true, then 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is tangent to the circumcircle of
△𝐴𝐴𝐴𝐴𝑄𝑄𝑄𝑄𝐴𝐴𝐴𝐴 (shown dashed). Thus, what we really need to prove is 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴� 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐵𝐵 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. For if we show this, then the
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Power theorem ensures that 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 is tangent to circle (𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and hence that ∡𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝐵𝐵 ∡𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵, by the
Alternate Segment theorem. We shall now prove this relation, invoking several important theorems along
the way. (See the Appendix for statements of these theorems.)
First we note that 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 bisects ∡𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴, and hence (by the Angle Bisector theorem) that:

𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴 𝐵𝐵 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵

𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 . (1)

We further observe that 𝐷𝐷𝐷𝐷𝐵𝐵𝐵𝐵𝐷𝐷𝐷𝐷 is a transversal cutting through the sides of △𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. Hence we have by the
theorem of Menelaus (see the Appendix for a statement of this theorem):

𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 ⋅ 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐷𝐷𝐷𝐷𝐴𝐴𝐴𝐴 ⋅ 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 𝐵𝐵 −1, ∴ 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵

𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 ⋅ 𝐷𝐷𝐷𝐷𝐴𝐴𝐴𝐴𝐷𝐷𝐷𝐷𝐴𝐴𝐴𝐴 ⋅ 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 𝐵𝐵 1. (2)

(Note that𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴  𝐴𝐴𝐴𝐴; we are using directed line segments here.) But 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴  ; hence by using (1) we get:
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴 𝐵𝐵 𝐷𝐷𝐷𝐷𝐴𝐴𝐴𝐴

𝐷𝐷𝐷𝐷𝐴𝐴𝐴𝐴

𝐵𝐵 𝐷𝐷𝐷𝐷𝐵𝐵𝐵𝐵 𝐷𝐷 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵
𝐷𝐷𝐷𝐷𝐵𝐵𝐵𝐵 𝐷𝐷 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝐵𝐵 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝐵𝐵 𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴

𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝐵𝐵 𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴 ,

since 𝐷𝐷𝐷𝐷𝐵𝐵𝐵𝐵 𝐵𝐵 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵. �n simpli�ication we obtain:
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵� 𝐷𝐷 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷  𝐴𝐴𝐴𝐴 𝐵𝐵 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝐵 𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴 𝐷𝐷 𝐷𝐷𝐷𝐷𝐴𝐴𝐴𝐴 ⋅ 𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴,

∴ 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵� 𝐵𝐵 𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴 𝐴 𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴𝐴
This implies that 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵must be tangent to the circle passing through points 𝐵𝐵𝐵𝐵𝐵 𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴, and hence
∡𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴 𝐵𝐵 ∡𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝐵𝐵 ∡𝐴𝐴𝐴𝐴 by the Alternate Segment theorem.
Note how we have achieved our objective with the use of many different theorems— the Angle Bisector
theorem, the theorem of Menelaus, the Alternate Segment theorem and the Power theorem.
It is evident that the student needs to be familiar with many postulates regarding lines, angles, triangles
and circles, for one can never know which theorem or property of a �igure may come in handy in solving a
given problem. Further, the importance of construction of auxiliary lines needs to be understood well
since this often paves a way to a solution which is otherwise not readily evident.

Appendix: Some standard theorems of plane geometry
Power theorem: If 𝐵𝐵𝐵𝐵 is the intersection point of two chords 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 and 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 of a circle, extended if needed, then
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝐵 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝐵𝐵 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵  𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵.

Converse: If𝐵𝐵𝐵𝐵𝐵 𝐵𝐵𝐵𝐵𝐵 𝐴𝐴𝐴𝐴, 𝐷𝐷𝐷𝐷 are four distinct points, no three of which are collinear, and𝐵𝐵𝐵𝐵 is the intersection point of
lines 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 and 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, then the equality 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝐵𝐵 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵  𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 implies that 𝐵𝐵𝐵𝐵𝐵 𝐵𝐵𝐵𝐵𝐵 𝐴𝐴𝐴𝐴, 𝐷𝐷𝐷𝐷 lie on a circle. (See Figure 3 (a).)
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Special case: If 𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴 are distinct non-collinear points, and 𝑃𝑃𝑃𝑃 is a point on the extension of 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 such that
𝑃𝑃𝑃𝑃𝐴𝐴𝐴𝐴� = 𝑃𝑃𝑃𝑃𝐴𝐴𝐴𝐴 𝑃𝑃 𝑃𝑃𝑃𝑃𝐴𝐴𝐴𝐴, then the circle through 𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴 is tangent to line 𝑃𝑃𝑃𝑃𝐴𝐴𝐴𝐴 at 𝐴𝐴𝐴𝐴. (See Figure 3 (b).)

Alternate Segment theorem: Let line 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 be tangent to a circle 𝜔𝜔𝜔𝜔 at 𝐴𝐴𝐴𝐴; let 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 be a chord of 𝜔𝜔𝜔𝜔. Let 𝐸𝐸𝐸𝐸 be a
point on the circle, on the same side of line 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 as 𝐴𝐴𝐴𝐴. Then ∡𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵  𝐵𝐵𝐵𝐵. (See Figure 4.)
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Theorem of Menelaus: Let line ℓ pass through triangle 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, intersecting its sides 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 (extended, if
needed) at points 𝐵𝐵𝐵𝐵, 𝐸𝐸𝐸𝐸, 𝐹𝐹𝐹𝐹 respectively. Then (Figure 5):

𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵
𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 × 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝐸𝐸𝐸𝐸𝐴𝐴𝐴𝐴 × 𝐴𝐴𝐴𝐴𝐹𝐹𝐹𝐹
𝐹𝐹𝐹𝐹𝐴𝐴𝐴𝐴 = −1.
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Remark: The theoremmakes use of directed line segments. Here, 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 for any pair of points 𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴;
and if 𝐵𝐵𝐵𝐵 is a point on line 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, then 𝐴𝐴𝐴𝐴𝐵𝐵𝐵𝐵 𝐵𝐵 𝐵𝐵𝐵𝐵𝐴𝐴𝐴𝐴 𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, regardless of whether or not 𝐵𝐵𝐵𝐵 lies between 𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴.
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