Figure 4

The points on the rows immediately above and below the x-axis have x-coordinates :t\/73’ :i:%g,

i%g ..., lLe., they are all odd multiples of \/75 And the y-coordinates of these points are £3. This

pattern continues for all rows with non-integer y-coordinate. For such rows, the points have coordinates

2m1 . . . . .
(w, n+ %) for some integers 7 and 7. In short, the coordinates of points on an isometric grid are

of the form <¢, g) where m, n are either both even or both odd.

Now, if we can draw a right isosceles triangle on such a grid, we may assume without loss of generality that
the vertex of the triangle corresponding to the right angle coincides with the origin of the grid. (To

accomplish this, we translate the triangle parallel to itself so that the vertex corresponding to the right angle
coincides with the origin.) Let 2 and Q be the remaining two vertices. Then OP = OQ and OPLOQ.

Now there are three possibilities considering the parity of the coordinates of P and Q; namely, their 7, n
values may be (i) both even, (ii) both odd, (iii) one even and the other odd. We consider each of these in

turn, starting with (i).
Let P = (m 3, n) and Q = (r 3,5) where m, n, r, s are integers.

The product of the slopes of OP and OQ is —1, so

n $ 3mr. 3)

And OP? = OQZ, so
n+3mt =5 +37, = +3(m—7). (4)
Combining (3) and (4), we get:

9Im*r?
2

n2—|—3(m2—72): o ,‘.n4+3(m2—72)n2—9m272:0,
" (n2 + 3m2) (n2 — 3r2) =0, .n= +7r/3.

This is not possible since v/3 is irrational.
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For (ii), let P = <M, n+ %) , Q= (M, s+ %) So, the slope equation becomes:

4

Note that this is similar to what we got in (i), but with the following changes:
m—2m+1, r—=2r+1, n—2n+1, s—2s+1.
Therefore, this reduces to 272 + 1 = #+ (27 + 1) v/3, i.e., an impossibility as earlier.

For (iii), let P = <M, n+ %) and Q = (V/3,s), without loss of generality. The slope equation

now becomes
(”‘i‘%)f B 32m+1)r

%(Zm—i—l);’_ T 2n+1
This is again similar to (i), but with the changes 7 — 2m + 1 and » — 27 4 1. Consequently, we get
27+ 1 = £/3, an impossibility as earlier.

We conclude that constructing a right isosceles triangle on an isometric grid is not possible.

SWATI SIRCAR is Assistant Professor at the School of Continuing Education and University Resource Centre of
Azim Premji University. Mathematics is the second love of her life (first being drawing). She has a B.Stat-M.Stat
from Indian Statistical Institute and an MS in mathematics from University of Washington, Seattle. She has been
doing mathematics with children and teachers for more than 5 years and is deeply interested in anything hands on,
origami in particular. She may be contacted at swati.sircar@apu.edu.in.
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Triangle Centres —
Barycentric
Coordinates

A. RAMACHANDRAN n an earlier article we had presented a way to
I characterize well known triangle centres — by their
‘trilinear coordinates.” (Ref. 1) In this article we take up
another system of characterising triangle centres, where each
triangle centre is considered as the location of the centre of
mass of a system of three point masses placed at the vertices
of the triangle. The ratio of the masses then forms the
‘barycentric coordinates’” of the point in question. This
approach was suggested by the German mathematician

August Ferdinand Mobius in 1827.

Centroid

We first look at the centroid. This point is the centre of mass
of a system of three equal masses placed at the vertices of the
triangle, as discussed below. The centre of mass of the masses
at B and C lies at the midpoint of BC, say D. So the centre of
mass of all three must lie on (median) AD. Similarly we could
say that the overall centre of mass should lie on the medians
BE (E, midpoint of CA) and CF (E midpoint of AB) as well.
So, the overall centre of mass lies on the point of concurrence

of the medians, a fact guaranteed to us by the converse of

BD CE AF
’s th ,since — X — X — = 1. H h
Ceva’s theorem, since DC X 7 X 7B ence the

barycentric coordinates of the centroid are 1: 1: 1.

We also note that the point of concurrence of the medians,
the centroid G, divides AD in the ratio 2 : 1, which is the
inverse of the ratio of the mass at A to the combined masses

at B and C.

Keywords: Coordinates, barycentric, centre of mass, centroid, ratio
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Incentre

We now take up the incentre. Let AD, BE, CF be the angle bisectors in A ABC (Figure 1). Itisa
well-known result that D divides BC in the ratio of the sides AB : AC or ¢: 4. So if masses (proportional
to) & and ¢ were placed at points B and C, respectively, their centre of mass would lie at D. If now mass #
were placed at A, then the centre of mass of all three would lie on the angle bisector AD. Similar
arguments lead to the conclusion that the centre of mass of the system would lie on the other angle
bisectors as well, or at their point of concurrence, the incentre I, the fact of concurrence guaranteed by the

BD CE AF b
converse of Ceva’s theorem, as — X — = % %% %=1 Sothe barycentric coordinates of the

DC FEA FB b ¢ a
incentre are 2 : b : ¢, or sin A : sin B : sin C.

Note that in A ABD, BI bisects £B, and so Al : ID =AB:BD =¢: biz: = (b+ ¢) : a. Thus, I divides
c

AD in a ratio that is the inverse of the ratio of the mass at A to the combined masses at B and C.

Orthocentre

We now consider the orthocentre. We first look at an acute angled triangle, say A ABC, with altitudes AD,
BE, CE meeting at H (Figure 2).

Figure 2
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Figure 3

BD AD/DC  twnC
DC~ AD/BD ~ tnB
placed at B and C, respectively, their centre of mass would lie at D. If now mass tan A were placed at A
then the centre of mass of all three would lie on the altitude AD. By similar arguments we could say that
the overall centre of mass lies on altitudes BE and CF too, or at their point of concurrence. Again,
concurrence is guaranteed by the converse of Ceva’s theorem. So the barycentric coordinates of the
orthocentre are tan A : tan B : tan C.

Al tthtAD—ADxDC
so note tha 7D = pc X ED
AH  AD tanB +tan C

AT _ A anB 1=
HD ~ HD tan B tan C anA

(The last step follows from the relation tan Atan Btan C=tan A+ tan B+ tan C, forA+ B4+ C =
180° )

We have

. We could say that if masses (proportional to) tan B and tan C were

= tan B tan C and

Thus, H divides AD in a ratio that is the inverse of the ratio of the mass at A to the combined masses at B
and C.

CE CE/HE 180° — A4
In the case of an obtuse angled triangle (see Figure 3), we have — = /HE _ an ( ) =

EA  EA/HE tan C
tan A e . .
— c the negative sign indicating an external division of a line. Also,
tan
AH AD tanB +tan C
—=1——=1—1tnAB C=———.
HD HD anb tan tan A

AH
When one angle, say £A, approaches 90° , we have oD = (tanB +tan C) cot A = 0. Thatis, Aand H

coincide, with AH = 0. As tan 90° is not defined, we work with its reciprocal, cot A.

Circumcentre
We now turn our attention to the circumcentre. In Figure 4, O is the circumcentre of acute angled A
ABC. AO produced meets BC at K. BO produced meets CA at L, while CO produced meets AB at M.

1 1
Now, BK : KC = area A BOK : area A COK = 5 r(OK) sin £BOK : 5 r(OK) sin £COK = sin £BOK :
sin L COK = sin £LAOB : sin {AOC = sin 2C : sin 2B.

(Angle subtended at the centre by a chord is twice that subtended at a point on the circumference.)
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