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The art …

A Proof Without
Words for Vivianí s
Theorem

…of mathematics

Readers of this magazine may recall that in the December 2012
issue we dwelt on Viviani’s theorem and considered different
ways of proving it. In the process we studied a few extensions
and generalizations of the theorem. In this article we return to
this theorem and discuss a proof-without-words (PWW) for the
result. See [3] for the original version of the proof.
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Figure 1. Vivianí s theorem: 𝑥𝑥𝑥𝑥 𝑥𝑥 𝑥𝑥𝑥𝑥 𝑥𝑥 𝑥𝑥𝑥𝑥 𝑥𝑥 constant

Here is the statement of the theorem. Let △𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴
be equilateral, and let 𝑃𝑃𝑃𝑃 be any point in its interior
(Figure 1). Then: The sum of the distances from 𝑃𝑃𝑃𝑃 to the

sides of the triangle is a constant. Thus, if perpendiculars 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃, 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃,
𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 are drawn from 𝑃𝑃𝑃𝑃 to the sides 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, and their lengths
are 𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥, 𝑥𝑥𝑥𝑥, respectively, the sum 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑥𝑥𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑥𝑥𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑥𝑥 𝑥𝑥𝑥𝑥 𝑥𝑥 𝑥𝑥𝑥𝑥 𝑥𝑥 𝑥𝑥𝑥𝑥 is the
same for all positions of 𝑃𝑃𝑃𝑃.
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Is a picture worth …

On Proofs
Without Words

…a thousand words?

A “proof without words” sounds like a contradiction in terms!
How can you prove something if you are not permitted the use
of any words? In spite of the seeming absurdity of the idea, the
notion of a proof without words — generally shortened to PWW
— has acquired great popularity in mathematics in recent
decades, and every now and then we come across new, elegant
PWWs for old, familiar propositions. In this short article the
seemingly contradictory nature of a PWW is discussed, and
some examples of PWWs are presented.

I ntroductory remarks. In recent decades there has been
much interest in “proofs without words” (PWWs for short)
which, as the Math Wolfram source [6] compactly puts it, are

proofs “…only based on visual elements, without any comments.”
PWWs today form a whole new genre of proofs. Two of the
magazines published by the Mathematical Association of
America (MAA)— College Journal of Mathematics and
Mathematics Magazine— regularly publish original PWWs sent
in by readers. Two PWW anthologies ([2] and [3]) have appeared
in book form (they contain nothing but PWWs), largely culled
from the magazines mentioned, and there are a few web pages
too ([1], [4], [5]) which have nice collections of their own.
What exactly is a PWW? The Wikipedia source [5] has the
following to say: “In mathematics, a proof without words is a
proof of an identity or mathematical statement which can be

Keywords: Visual proof, Pythagoras theorem, cosine rule, tan 15, triangular
number, arithmetic mean, geometric mean, harmonic mean
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Figure 2. PWW for Vivianí s theorem. Note that 𝑃𝑃𝑃𝑃 𝑃𝑃 𝑃𝑃𝑃𝑃�

In Figure 2 we see the proposed PWW. We start
by translating △𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃 along line 𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃 to position
𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴�𝑃𝑃𝑃𝑃� so that point 𝑃𝑃𝑃𝑃 lies on side 𝐴𝐴𝐴𝐴�𝑃𝑃𝑃𝑃�. Then we
translate △𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴�𝑃𝑃𝑃𝑃� along line 𝐴𝐴𝐴𝐴�𝑃𝑃𝑃𝑃� to position
𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴�𝑃𝑃𝑃𝑃� so that 𝑃𝑃𝑃𝑃 coincides with vertex 𝑃𝑃𝑃𝑃�. By
construction, therefore,△𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴�𝑃𝑃𝑃𝑃� and △𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴�𝑃𝑃𝑃𝑃�
are congruent copies of △𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃, and 𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴�𝑃𝑃𝑃𝑃� is
parallel to 𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃, and 𝐴𝐴𝐴𝐴�𝑃𝑃𝑃𝑃� is parallel to 𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃�𝑃𝑃𝑃𝑃.
From 𝑃𝑃𝑃𝑃 we drop a perpendicular to 𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴� and
𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴�. Let the distance between the parallel lines
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴� be 𝑦𝑦𝑦𝑦�, and let the distance between
the parallel lines 𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴� and 𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴� be 𝑥𝑥𝑥𝑥�. (The
symbols 𝑦𝑦𝑦𝑦� and 𝑥𝑥𝑥𝑥� are marked in the �igure.�
Since parallelograms 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴� and 𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃�𝐴𝐴𝐴𝐴� are
congruent to each other, the distances between

corresponding pairs of opposite edges are equal;
hence 𝑦𝑦𝑦𝑦� 𝑃𝑃 𝑦𝑦𝑦𝑦.
Similarly, since parallelograms 𝐴𝐴𝐴𝐴�𝑃𝑃𝑃𝑃�𝑃𝑃𝑃𝑃�𝐴𝐴𝐴𝐴� and
𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴� are congruent to each other, 𝑥𝑥𝑥𝑥� 𝑃𝑃 𝑥𝑥𝑥𝑥.
Therefore 𝑥𝑥𝑥𝑥 𝑥𝑥 𝑦𝑦𝑦𝑦 𝑥𝑥 𝑥𝑥𝑥𝑥 𝑃𝑃 𝑥𝑥𝑥𝑥 𝑥𝑥 𝑦𝑦𝑦𝑦� 𝑥𝑥 𝑥𝑥𝑥𝑥�.
But 𝑥𝑥𝑥𝑥 𝑥𝑥 𝑦𝑦𝑦𝑦� 𝑥𝑥 𝑥𝑥𝑥𝑥� equals the height of △𝐴𝐴𝐴𝐴�𝐴𝐴𝐴𝐴�𝑃𝑃𝑃𝑃�,
which is the same as the height of△𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃. It follows
that 𝑥𝑥𝑥𝑥 𝑥𝑥 𝑦𝑦𝑦𝑦 𝑥𝑥 𝑥𝑥𝑥𝑥 is equal to the height of △𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃.
For another PWW of Viviani’s theorem, see [1].
[Note from the editor: This issue of At Right Angles
has a separate article on the subject of PWWs.]
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