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Senior School
Problem Editors: PRITHWIJIT DE & SHAILESH SHIRALI

PROBLEMS FOR SOLUTION

Problem V-1-S.1
What is the greatest possible perimeter of a right-angled triangle
with integer sides, if one of the sides has length 12?

Problem V-1-S.2
Rectangle ABCD has sides AB = 8 and BC = 20. Let P be a
point on AD such that �BPC = 90◦. If r1, r2, r3 are the radii of
the incircles of triangles APB, BPC and CPD, what is the value of
r1 + r2 + r3?

Problem V-1-S.3
Let a, b, c be such that a+ b+ c = 0, and let

P =
a2

2a2 + bc
+

b2

2b2 + ca
+

c2

2c2 + ab
.

Determine the value of P.

Problem V-1-S.4
In acute-angled triangle ABC, let D be the foot of the altitude
from A, and E be the midpoint of BC. Let F be the midpoint of
AC. Suppose �BAE = 40◦. If �DAE = �DFE, what is the
magnitude of �ADF in degrees?
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Problem V-1-S.5
Circle ω touches the circle Ω internally at P. The
centre O of Ω is outside ω. Let XY be a diameter of

Ω which is also tangent to ω. Assume that PY >
PX. Let PY intersect ω at Z. If YZ = 2PZ, what is
the magnitude of �PYX in degrees?

SOLUTIONS OF PROBLEMS IN ISSUE-IV-3 (NOVEMBER 2015)

Solution to problem IV-3-S.1
Determine all possible integers N such that
N(N− 101) is the square of a positive integer.

Let d = GCD(N,N− 101). Then d divides
N− (N− 101) = 101. Hence d = 1 or d = 101.

If d = 1, then N(N− 101) is a perfect square if
and only if each of N and N− 101 is a square. Let
N = a2 and N− 101 = b2. Then

(a− b)(a+ b) = 101,

so (a− b, a+ b) = (1, 101), leading to a = 51,
b = 50 and N = 512 = 2601.

If d = 101, then N = 101k and N− 101 =
101(k− 1) for some positive integer k > 1.
Therefore:

N(N− 101) = (1012)k(k− 1).

But k(k− 1) is never a square for any positive
integer k > 1, because

(k− 1)2 < k(k− 1) < k2.

Thus N(N− 101) is not a square when d = 101.
It follows that there is just one integer value of N
for which N(N− 101) is a perfect square; namely:
N = 2601.

Solution to problem IV-3-S.2
Let R, S be two cubes with sides of lengths r, s,
respectively, where r and s are positive integers. Show
that the difference of their volumes numerically
equals the difference of their surface areas if and only
if r = s.

For the given condition to hold we must have

r3 − s3 = 6(r2 − s2). (1)

This can be expressed as

s2 = (6 − r)(r+ s), (2)

which shows that r < 6. Similarly s < 6. Now
observe that equation (1) can be written as

(6 − r)2 + (6 − s)2 + (r+ s)2 = 72. (3)

The right-hand side of relation (3) is divisible by 4.
Therefore the left-hand side must be divisible by 4.
The square of any positive integer is either
divisible by 4, or exceeds a multiple of 4 by 1.
Thus, in this case, each term on the left-hand side
must be divisible by 4, which forces each term to
be even. Hence, both r and s are even. If r, s are
different, then r, s are 2, 4 in some order, so
r+ s = 6, and by equation (2),

s2 = 6(6 − r),

which is false for positive integers r, s ∈ {2, 4}.
Thus r = s. If we know that r = s, then equation
(1) is clearly true.

Solution to problem IV-3-S.3
Suppose S = {0, 1} has the following addition and
multiplication rules: 0 + 0 = 0, 0 + 1 = 1 + 0 =
1, 1 + 1 = 0, 0 × 0 = 1 × 0 = 0 × 1 = 0, 1 ×
1 = 1. A system of polynomials is defined with
coefficients in S. Show that in this system x3 + x+ 1
is not factorisable.

Suppose the polynomial can be factored as (ax+
b) (cx2 + dx+ e) where a, b, c, d, e ∈ {0, 1}. By
equating the coefficients of x3, x2, x1, x0 = 1 on
the two sides, we see that:

ac = 1, bc+ ad = 0, bd+ ae = 1, be = 1.

Thus a = b = c = e = 1, which leads on
substitution to 1 + d = 0 and d+ 1 = 1, which
contradict each other. Hence the factorisation is
not possible.

Solution to problem IV-3-S.4
Consider all non-empty subsets of the set
{1, 2, 3, . . . , n}. For each such subset, find the
product of the reciprocals of each of its elements.
Denote the sum of all these products by an. Prove that
an = n for all positive integers n.
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Problem V-1-S.1
What is the greatest possible perimeter of a right-angled triangle
with integer sides, if one of the sides has length 12?

Problem V-1-S.2
Rectangle ABCD has sides AB = 8 and BC = 20. Let P be a
point on AD such that �BPC = 90◦. If r1, r2, r3 are the radii of
the incircles of triangles APB, BPC and CPD, what is the value of
r1 + r2 + r3?

Problem V-1-S.3
Let a, b, c be such that a+ b+ c = 0, and let

P =
a2

2a2 + bc
+

b2

2b2 + ca
+
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2c2 + ab
.

Determine the value of P.

Problem V-1-S.4
In acute-angled triangle ABC, let D be the foot of the altitude
from A, and E be the midpoint of BC. Let F be the midpoint of
AC. Suppose �BAE = 40◦. If �DAE = �DFE, what is the
magnitude of �ADF in degrees?
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Problem V-1-S.5
Circle ω touches the circle Ω internally at P. The
centre O of Ω is outside ω. Let XY be a diameter of

Ω which is also tangent to ω. Assume that PY >
PX. Let PY intersect ω at Z. If YZ = 2PZ, what is
the magnitude of �PYX in degrees?

SOLUTIONS OF PROBLEMS IN ISSUE-IV-3 (NOVEMBER 2015)

Solution to problem IV-3-S.1
Determine all possible integers N such that
N(N− 101) is the square of a positive integer.

Let d = GCD(N,N− 101). Then d divides
N− (N− 101) = 101. Hence d = 1 or d = 101.

If d = 1, then N(N− 101) is a perfect square if
and only if each of N and N− 101 is a square. Let
N = a2 and N− 101 = b2. Then

(a− b)(a+ b) = 101,

so (a− b, a+ b) = (1, 101), leading to a = 51,
b = 50 and N = 512 = 2601.

If d = 101, then N = 101k and N− 101 =
101(k− 1) for some positive integer k > 1.
Therefore:

N(N− 101) = (1012)k(k− 1).

But k(k− 1) is never a square for any positive
integer k > 1, because

(k− 1)2 < k(k− 1) < k2.

Thus N(N− 101) is not a square when d = 101.
It follows that there is just one integer value of N
for which N(N− 101) is a perfect square; namely:
N = 2601.

Solution to problem IV-3-S.2
Let R, S be two cubes with sides of lengths r, s,
respectively, where r and s are positive integers. Show
that the difference of their volumes numerically
equals the difference of their surface areas if and only
if r = s.

For the given condition to hold we must have

r3 − s3 = 6(r2 − s2). (1)

This can be expressed as

s2 = (6 − r)(r+ s), (2)

which shows that r < 6. Similarly s < 6. Now
observe that equation (1) can be written as

(6 − r)2 + (6 − s)2 + (r+ s)2 = 72. (3)

The right-hand side of relation (3) is divisible by 4.
Therefore the left-hand side must be divisible by 4.
The square of any positive integer is either
divisible by 4, or exceeds a multiple of 4 by 1.
Thus, in this case, each term on the left-hand side
must be divisible by 4, which forces each term to
be even. Hence, both r and s are even. If r, s are
different, then r, s are 2, 4 in some order, so
r+ s = 6, and by equation (2),

s2 = 6(6 − r),

which is false for positive integers r, s ∈ {2, 4}.
Thus r = s. If we know that r = s, then equation
(1) is clearly true.

Solution to problem IV-3-S.3
Suppose S = {0, 1} has the following addition and
multiplication rules: 0 + 0 = 0, 0 + 1 = 1 + 0 =
1, 1 + 1 = 0, 0 × 0 = 1 × 0 = 0 × 1 = 0, 1 ×
1 = 1. A system of polynomials is defined with
coefficients in S. Show that in this system x3 + x+ 1
is not factorisable.

Suppose the polynomial can be factored as (ax+
b) (cx2 + dx+ e) where a, b, c, d, e ∈ {0, 1}. By
equating the coefficients of x3, x2, x1, x0 = 1 on
the two sides, we see that:

ac = 1, bc+ ad = 0, bd+ ae = 1, be = 1.

Thus a = b = c = e = 1, which leads on
substitution to 1 + d = 0 and d+ 1 = 1, which
contradict each other. Hence the factorisation is
not possible.

Solution to problem IV-3-S.4
Consider all non-empty subsets of the set
{1, 2, 3, . . . , n}. For each such subset, find the
product of the reciprocals of each of its elements.
Denote the sum of all these products by an. Prove that
an = n for all positive integers n.
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Problem V-1-S.5
Circle ω touches the circle Ω internally at P. The
centre O of Ω is outside ω. Let XY be a diameter of

Ω which is also tangent to ω. Assume that PY >
PX. Let PY intersect ω at Z. If YZ = 2PZ, what is
the magnitude of �PYX in degrees?

SOLUTIONS OF PROBLEMS IN ISSUE-IV-3 (NOVEMBER 2015)

Solution to problem IV-3-S.1
Determine all possible integers N such that
N(N− 101) is the square of a positive integer.

Let d = GCD(N,N− 101). Then d divides
N− (N− 101) = 101. Hence d = 1 or d = 101.

If d = 1, then N(N− 101) is a perfect square if
and only if each of N and N− 101 is a square. Let
N = a2 and N− 101 = b2. Then

(a− b)(a+ b) = 101,

so (a− b, a+ b) = (1, 101), leading to a = 51,
b = 50 and N = 512 = 2601.

If d = 101, then N = 101k and N− 101 =
101(k− 1) for some positive integer k > 1.
Therefore:

N(N− 101) = (1012)k(k− 1).

But k(k− 1) is never a square for any positive
integer k > 1, because

(k− 1)2 < k(k− 1) < k2.

Thus N(N− 101) is not a square when d = 101.
It follows that there is just one integer value of N
for which N(N− 101) is a perfect square; namely:
N = 2601.

Solution to problem IV-3-S.2
Let R, S be two cubes with sides of lengths r, s,
respectively, where r and s are positive integers. Show
that the difference of their volumes numerically
equals the difference of their surface areas if and only
if r = s.

For the given condition to hold we must have

r3 − s3 = 6(r2 − s2). (1)

This can be expressed as

s2 = (6 − r)(r+ s), (2)

which shows that r < 6. Similarly s < 6. Now
observe that equation (1) can be written as

(6 − r)2 + (6 − s)2 + (r+ s)2 = 72. (3)

The right-hand side of relation (3) is divisible by 4.
Therefore the left-hand side must be divisible by 4.
The square of any positive integer is either
divisible by 4, or exceeds a multiple of 4 by 1.
Thus, in this case, each term on the left-hand side
must be divisible by 4, which forces each term to
be even. Hence, both r and s are even. If r, s are
different, then r, s are 2, 4 in some order, so
r+ s = 6, and by equation (2),

s2 = 6(6 − r),

which is false for positive integers r, s ∈ {2, 4}.
Thus r = s. If we know that r = s, then equation
(1) is clearly true.

Solution to problem IV-3-S.3
Suppose S = {0, 1} has the following addition and
multiplication rules: 0 + 0 = 0, 0 + 1 = 1 + 0 =
1, 1 + 1 = 0, 0 × 0 = 1 × 0 = 0 × 1 = 0, 1 ×
1 = 1. A system of polynomials is defined with
coefficients in S. Show that in this system x3 + x+ 1
is not factorisable.

Suppose the polynomial can be factored as (ax+
b) (cx2 + dx+ e) where a, b, c, d, e ∈ {0, 1}. By
equating the coefficients of x3, x2, x1, x0 = 1 on
the two sides, we see that:

ac = 1, bc+ ad = 0, bd+ ae = 1, be = 1.

Thus a = b = c = e = 1, which leads on
substitution to 1 + d = 0 and d+ 1 = 1, which
contradict each other. Hence the factorisation is
not possible.

Solution to problem IV-3-S.4
Consider all non-empty subsets of the set
{1, 2, 3, . . . , n}. For each such subset, find the
product of the reciprocals of each of its elements.
Denote the sum of all these products by an. Prove that
an = n for all positive integers n.
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Observe that a1 = 1 and a2 = 2. Suppose ak = k
for some positive integer k > 1. Then:

ak+1 =

(
1 +

1
k+ 1

)
ak +

1
k+ 1

=
(k+ 1)2

k+ 1
= k+ 1.

Thus by the principle of mathematical induction,
an = n for all natural numbers n.

Solution to problem IV-3-S.5
Show that the polynomial x8 − x7 + x2 − x+ 15
has no real zero.

Let f(x) = x8 − x7 + x2 − x+ 15. Observe that
all the coefficients of f(−x) are positive. Thus f(x)
does not have any real negative zero. We can write

f(x) = x7(x− 1) + x(x− 1) + 15,

hence f(x) > 0 for x ≥ 1. Writing f(x) as

f(x) = x8 + (1 − x7) + x2 + (1 − x) + 13,

we see that f(x) > 0 when 0 ≤ x ≤ 1. Thus f(x)
does not have any real positive zero.
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PROBLEMS FOR SOLUTION

Problem V-1-M.1
Find two non-zero numbers such that their sum, their product and
the difference of their squares are all equal.

Problem V-1-M.2
Prove that a six-digit number formed by placing two consecutive
three-digit positive integers one after the other is not divisible by
any of the following numbers: 7, 11, 13.

(Adapted from the Mid-Michigan Olympiad in 2014 grades 7–9)

Problem V-1-M.3
If n is a whole number, show that the last digit in 32n+1 + 22n+1 is 5.

Problem V-1-M.4
We know that the sum of two consecutive squares can be a square.
For example, 32 + 42 = 52.
a. Show that the sum of any m consecutive squares cannot be a

square for m ∈ {3, 4, 5, 6}.
b. Can the sum of 11 consecutive square numbers be a square

number?

Problem V-1-M.5
a. Which positive integers have exactly two positive divisors?

Which have three positive divisors?
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The Paul Erdős International Math Challenge  
for Elementary and Middle School children
 Â Are the grandfathers of your great-grandfathers the same as the great-grandfathers of your 

grandfathers? 

 Â If Maya was ten years old the day before yesterday, and will turn thirteen next year, what 
day is her birthday? 

 Â How can you pour out six litres if you have a four-litre jug and a nine-litre jug? 

 Â Even eight-year-olds get fascinated by such problems, and perhaps get a glimpse of 
mathematical beauty.

For over a hundred years, a monthly school magazine in Hungary, KöMal, has posed such problems. Despite 
its small population (less than that of Chennai!), Hungary has had a disproportionately large influence 
on world scientific progress. Its mathematical culture must surely have been an important cause of this 
phenomenon: the first publications of many accomplished scientists and mathematicians were solutions 
in KöMal. For more about this story, please see http://www.komal.hu/lap/archivum.e.shtml.

More recently, e-mail has enabled global access, and the US-based, Hungarian derived, Paul Erdős 
International Math Challenge, aimed at elementary and middle schools, is available everywhere.

In 2015, the Sharma Kamala Educational Trust began sponsoring the Paul Erdős challenge in India. 
Participation is free for students. It is a ‘challenge’, not a ‘competition’—and the only prize is the pleasure 
of mathematical thinking! There are three levels, from the third through the eighth standards, though 
students may participate at higher levels. The program posts eight problems each month from September 
through April, but accepts submissions for any problem at any time. Graders provide feedback to allow 
repeated attempts.

In its inaugural year, the program is delighted to have on board as graders an undergraduate student 
at IIT Mumbai and a Ph.D. student at IISc Bangalore. Faculty from IIT Mumbai, Chennai Mathematical 
Institute (CMI) and TIFR, Mumbai are helping to guide and coordinate the program.

Please help the program grow! See http://www.sketindia.org/projects.html for more details.


